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Abstract. It is known that if f : D1 → D2 is a polynomial biholo-
morphism with polynomial inverse and constant Jacobian then D1 is a
1-point Quadrature domain (the Bergman span contains all holomor-
phic polynomials) of order 1 whenever D2 is a balanced domain. Bell
conjectured that all 1-point Quadrature domains arise in this manner.
In this note, we construct a 1-point Quadrature domain of order 1 that
is not biholomorphic to any balanced domain.
1. Introduction
In [Bel09], Bell conjectures that the any 1-point Quadrature domain of
order 1 in Cn, n ≥ 2 is biholomorphic to a balanced domain. A positive result
to the above conjecture would have provided a characterization analogous
to the one provided for planar quadrature domains in [AS76]. Moreover, as
balanced domains are very special, the study of holomorphic mappings on
1-point Quadrature domains of order 1 would have been greatly simplified.
Alan Legg [Leg17, Proposition 4.4] has constructed a 1-point Quadrature
domain that is not biholomorphic to a balanced domain. However, the
quadrature identity of the domain constructed therein was not of order 1.
A large class of domains of interest in several complex variables – including
balanced domains, quasi-balanced domains and domains invariant under the
action of a subgroup of U(n) – are 1-point Quadrature domains of order 1.
Hence, a complete answer to Bell’s conjecture on whether every 1-point
Quadrature domain of order 1 is biholomorphic to a balanced domain is
nevertheless of considerable interest.
In this note, we construct an explicit example of a quasi-balanced do-
main that is not biholomorphic to any balanced domain thereby providing
a counterexample to Bell’s conjecture. We begin with relevant definitions.
Definition 1.1. Let D ⊂ Cn be a bounded domain. The Bergman span
associated to D is the C-linear span of the collection
{KαD(z, a) : α ∈ Nn, a ∈ D},
where
KαD(z, a) :=
∂|α|
∂wα
KD(z, w)
∣∣∣∣
w=a
.
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Here KD is the Bergman kernel of D.
Definition 1.2. Let D ⊂ Cn be a bounded domain. We say that D is a
quadrature domain if the constant function 1 is in the Bergman span of D
and a Quadrature domain (with a capital ‘Q’) if all holomorphic polyno-
mials are in the the Bergman span of D. We say that a quadrature (resp.
Quadrature) domain D is a 1-point quadrature (resp. Quadrature) domain
of order 1 if KD(z, 0) ≡ c for some constant c ∈ C.
Observe that the class of Quadrature domains (with a capital ‘Q’) form
a subclass of the class of quadrature domains. Also, if D is a quadrature
domain and f ∈ H2(D), the Hilbert space of square-integrable holomorphic
function on D, then we can find finitely many distinct points q1, . . . , qp ∈ D,
non-negative integers n1, . . . , nq and complex numbers cjα (here α is a multi-
index) such that ∫
D
f(z) =
p∑
j=1
∑
|α|≤nj
cjα
∂|α|
∂zα
f(z)
∣∣∣∣
z=qj
.
The above identity holds independent of the choice of f and is known as a
quadrature identity for D. The identity is an immediate consequence of the
observation
∂|α|
∂zα
f(z)
∣∣∣∣
z=qj
=
〈
f,KαD(·, qj)
〉
L2(D)
.
For a one point quadrature (resp. Quadrature) domain of order 1, it is clear
that we have a quadrature identity of the form∫
D
f = c · f(a),
where c ∈ C and a ∈ D. The recent articles [HV15] and [Leg17] develop the
theory of quadrature domains in higher dimensions.
Definition 1.3. Let p1, . . . , pn be positive integers with gcd(p1, . . . , pn) = 1.
We say that a domain D ⊂ Cn is (p1, . . . , pn)-balanced (quasi-balanced) if
(λp1z1, λ
p2z2, . . . , λ
pnzn) ∈ D ∀|λ| ≤ 1 ∀(z1, z2, . . . , zn) ∈ D.
If p1 = p2 = · · · = pn = 1 above, then we say D is a balanced domain (also
known as a complete circular domain in literature).
It is well-known that quasi-balanced domains are 1-point Quadrature do-
mains of order 1 that admit a quadrature identity of the form∫
D
fdV = vol(D) · f(0).
See [NZ17, Lemma 2.1] for a proof.
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2. The Example
We require the following two results.
Result 2.1 (Kaup, Folgreng 1 in [Kau70]). Let D1, D2 ⊂ Cn be two bounded
quasi-balanced domains that are biholomorphic. Then we can find a biholo-
morphism f : D1 → D2 that fixes 0.
Result 2.2 (Ning–Zhou, Theorem 2.2 in [NZ17]). Let D1, D2 ⊂ Cn be
two bounded quasi-circular domains that contain 0. Let the corresponding
weights be m = (m1, . . . ,mn) and m
′ = (m′1, . . . ,m′n). Let f : D1 → D2 be
a biholomorphism that fixes 0. Then writing f = (f1, . . . , fn), we have
(1) f is a polynomial mapping.
(2) deg(fi) ≤ max{|δ| : δ ∈ Nn, δ ·m = γ ·m, |γ| = |β|, β ·m′ = m′i}.
Construction of the Example.
Let D be a (2, 3)-balanced domain in C2 that is not circular. For instance,
we might take
D := {(z, w) ∈ C2 : |z|2 + |w|2 + |z3 + w2|2 < 3}.
To see that D as defined above is not circular, observe that (−1, 1) ∈ D but
(−i, i) 6∈ D.
Suppose D were biholomorphic to a balanced domain Ω. Then by Kaup’s
result we can find a biholomorphism f : Ω → D that fixes 0. The result of
Ning–Zhou now implies that f has to be a linear. But linear mappings take
balanced domains to balanced domains and D is not balanced by construc-
tion.
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